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Abstract
We constructed a simple cosmological model which approximates the Einstein-de Sitter background
with periodically distributed dust inhomogeneities. By taking the metric as a power series up to the
third order in some perturbative parameter λ, we are able to achieve large values of the density contrast.
With a metric explicitly given, many model properties can be calculated in a straightforward way which is
interesting in the context of the current discussion concerning the averaging of the inhomogeneities and their
backreaction in cosmology. Although the Einstein-de Sitter model can be thought as the model average,
the light propagation differs from that of the Einstein-de Sitter. The angular diameter distance-redshift
relation is affected by the presence of inhomogeneities and depends on the observer’s position. The model
construction scheme enables some generalizations in the future, so the present work is a step towards more
realistic cosmological model described by a relatively simple analytical metric.
1 Introduction
Inhomogeneous models of the Universe are an important
tool of modern cosmology. They are widely used in the
face of unsatisfying interpretation of astronomical obser-
vations within the framework of standard homogeneous
Friedmann–Lemaˆıtre cosmological model. The nature of
dark energy which explains the accelerated expansion of
the Universe in the concordance model is still unknown.
Therefore, there arises a question if dark energy is not an
artifact of inaccurately founded modeling which ignores
possibly significant effect of inhomogeneities [1, 2, 3, 4].
A recent discussion concerning a qualitative and quan-
titative influence of inhomogeneously distributed matter
on the cosmological parameters of the Universe obtained
with optical observations did not bring any coherent an-
swer [5, 6, 7, 8, 9, 10, 11, 12, 13, 14, 15]. This lack
of consensus motivates studies of the light propagation
in particular cases of inhomogeneous cosmological mod-
els. Among exact solutions to the Einstein field equa-
tions, models considered in this context are the Lemaˆıtre–
Tolman models [16, 17, 18] and their generalization, the
Szekeres models [19, 20, 21, 22]. These models are stud-
ied with matter distributed not only in a single halo
cloud but also in various different ways, for example,
in onion-like configurations [23, 24, 25] or in layers of
walls [26, 27]. Results of these studies can be compared
with N-body relativistic simulations in a weak field ap-
proximation [22, 24, 25, 28, 29]. Furthermore, exact
inhomogeneous models are used for building cosmologi-
cal models in a Swiss cheese arrangement which allows
for light propagation studies in more realistic conditions
[30, 31, 32, 33]. Another approach to observations in in-
homogeneous cosmologies is based on models constructed
as lattices of glued Schwarzschild regions [34], perturba-
tively solved point masses [35] or numerically simulated
interacting black holes [36]. There are also attempts to
study light propagation in more versatile settings of post-
Newtonian approach to gravitation [37]. Recently, it be-
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comes possible to analyze optical observations in cosmo-
logical models obtained with fully relativistic numerical
simulations of space-time [38].
In our previous paper [39] we constructed within the
linear perturbation theory a simple model of the dust
inhomogeneities on the Einstein-de Sitter (EdS) back-
ground. These inhomogeneities form an infinite, periodic,
cubic lattice presented in Fig. 1. We have chosen such
a density distribution because of the following reasons:
(i) For the volume much larger than the elementary cell
the model becomes homogeneous and isotropic in com-
mon sense, so one can expect the Friedmann-Lemaˆıtre-
Robertson-Walker (FLRW) space-time as the average.
(ii) It satisfies the weak version of the Cosmological Prin-
ciple, which means that there are no distinguished regions
of the universe and each elementary cell looks the same.
(iii) The cosmological numerical simulations often adopt
the cubic lattice with periodic boundary conditions, e.
g. [40, 41]. Therefore, it is a need for analytical solutions
with the same symmetries as tests of the numerical codes.
The main goal of the present paper is to generalize our
previous model beyond the first order of the linear pertur-
bation theory so that a larger density contrast is allowed.
The scheme presented here is open for further generaliza-
tions, so it is a single step towards the realistic inhomo-
geneous cosmological model. The paper is organized as
follows. In Sec. 2 the model details are presented. In
Sec. 3 we show some model properties and basic observ-
ables. Then, the conclusions follow. We presented in Sec.
2 the approximate metric in the sense, that the result-
ing energy-momentum tensor is not exactly the dust one.
It deviates from the dust solution in the second and the
third order by some small, negligible terms. The advan-
tage is that the simple, elementary functions appear in
the metric elements. In Appendix, we present the strict
dust solution up to second order. In that case, the metric
tensor is much more complicated.
2 The model construction
We assume the metric as a power series in some pertur-
bative parameter λ:
gµν =
N∑
k=0
λk g(k)µν , (1)
Figure 1: The model isodensity surfaces which form an infinite,
periodic lattice.
where g(0) represents the EdS background metric. We
adopt the cartesian coordinates1 {t, x, y, z} in which
the background metric reads g
(0)
µν = diag(−1, a
2, a2, a2),
where the scale factor is a(t) = C t2/3 and C is a con-
stant. In each order k ≥ 1, we introduce the comoving
synchronous gauge, which means that g
(k)
µν has the spatial
part only: g
(k)
00 = 0 and g
(k)
i0 = 0. This gauge condition
guarantee that the vector Uµ = (1, 0, 0, 0) is always tan-
gent to the time-like geodesic. The dust particles follow
the geodesic motion, so when the universe is filled with
the dust, then the four-velocity Uµ represents the ob-
server comoving with matter.
For the metric (1) one can calculate the Einstein ten-
sor Gµν(λ). Let assume that the Einstein equations are
satisfied. Then, the metric (1) is the model of space-time
filled with the matter described by the energy-momentum
tensor Tµν(λ) = Gµν(λ)/(8π). Our aim is to find such
metric components g
(k)
µν , for which the tensor Tµν(λ) ap-
proximates some physical energy-momentum tensor, in
our case the dust one T
(dust)
µν = ρUµ Uν . Let assume
further that we may expand Gµν(λ) in a Taylor series
around λ = 0: Gµν(λ) =
∞∑
k=0
λkG
(k)
µν . If there ex-
ists a similar expansion of the energy-momentum ten-
sor: Tµν(λ) =
∞∑
k=0
λk T
(k)
µν , we can identify the elements
1From now on, we will use the natural units c = 1, G = 1,
and the convention in which Greek letters label the indices
which cover the range {0, 1, 2, 3}, while the Latin letters de-
scribe the space-like indices {1, 2, 3}
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T
(k)
µν = G
(k)
µν /(8π). We will analyze the terms T
(k)
µν order
by order. If Tµν(λ) ≈ T
(dust)
µν , then T
0
0(λ) = −ρ and the
other components of T µ ν(λ) should be as close to zero as
possible. For convenience, we will use a formal expansion
of the density in the same form: ρ =
∞∑
k=0
λk ρ(k).
Now, in order to find the metric for which Tµν(λ) ap-
proximates the dust with a distribution similar to that
presented on the Fig. 1, we impose one symmetry condi-
tion. We demand that the metric gµν is invariant under
every permutation of the spatial variables {x, y, z}. Then,
we can consider a possible decomposition of the metric in
a given order which takes the form:
g
(k)
ij =

A
(k)
x 0 0
0 A
(k)
y 0
0 0 A
(k)
z

+

B
(k)
xyz 0 0
0 B
(k)
xyz 0
0 0 B
(k)
xyz

+. . .
· · ·+

C
(k)
yz 0 0
0 C
(k)
xz 0
0 0 C
(k)
xy

+

 0 D
(k)
z D
(k)
y
D
(k)
z 0 D
(k)
x
D
(k)
y D
(k)
x 0

+ . . .
· · ·+

 0 E
(k)
xyz E
(k)
xyz
E
(k)
xyz 0 E
(k)
xyz
E
(k)
xyz E
(k)
xyz 0

+

 0 F
(k)
xy F
(k)
xz
F
(k)
xy 0 F
(k)
yz
F
(k)
xz F
(k)
yz 0

 ,
(2)
where we used the abbreviations A
(k)
i ≡ A
(k)(t, xi),
B
(k)
ijl ≡ B
(k)(t, xi, xj , xl), C
(k)
ij ≡ C
(k)(t, xi, xj),
D
(k)
i ≡ D
(k)(t, xi), E
(k)
ijl ≡ E
(k)(t, xi, xj , xl), F
(k)
ij ≡
F (k)(t, xi, xj). In this setup, to specify the metric in a
given order, one should propose six, symmetric in spatial
coordinates functions A(k), . . . , F (k).
2.1 The first order
In the notation introduced above the metric from our pre-
vious paper [39] can be recovered by putting the only
nonzero function in the first order as:
A(1)(t,w) = − t−1 t(EdS)0 sin
2(Bw) , (3)
where t(EdS)0 = 2/(3H0) = 9.32Gyr is the age of the EdS
universe for the Hubble constant H0 = 70 km/s/Mpc and
B is the parameter related to the size of the overdensities.
For such a choice one can show that T (1)0 0 = −ρ
(1),
where:
ρ(1) =
2 t
(EdS)
0
3 t3
(
sin2(B x) + sin2(B y) + sin2(B z)
)
, (4)
and other components of T (1)µ ν are exactly zero. Since
ρ(0) = (4/3) t−2, up to the first order Tµν(λ) represent an
exact dust solution, for which the periodically distributed
inhomogeneities have the amplitude decreasing in time.
2.2 The second order
To estimate the contribution to the energy-momentum
tensor from the higher orders we have to specify the values
of the model parameters. We will use the Mpc as a unit
of length. Then, in the natural units convention c = 1,
the age of the EdS universe is t(EdS)0 = 2855.16Mpc. For
the typical scaling a(t(EdS)0 ) = 1, the value of the con-
stant C is 4.96 × 10−3. The elementary cell D is the
region x ∈ (0, π/B), y ∈ (0, π/B), z ∈ (0, π/B). For
the simple choice B = 1, the size of the elementary cell
should be around 3Mpc, which is a typical scale of the
galaxy clusters. Further, it is convenient to measure the
energy-momentum contribution in the units of the crit-
ical density ρcr = (3H
2
0 )/(8π). We introduce the defi-
nitions Ω(k) := ρ(k)/ρcr and Ω
(k)µ
ν := T
(k)µ
ν(λ)/ρcr.
Of course, the background density of the EdS model at
t
(EdS)
0 is Ω
(0) = 1.0. Let’s take the relatively high am-
plitude λ = 4/15 ≈ 0.26. Then, at the maximum of the
overdensity ~xO = (
pi
2
, pi
2
, pi
2
) at the time t
(EdS)
0 , we have
Ω(1) = 0.4. The observer located in the underdensity
~xU = (0, 0, 0) measures Ω
(1) = 0.0, so the density con-
trast is quite high.
For the metric of the form (2) the energy-momentum
tensor in each order k ≥ 1 has the four types of com-
ponents: T (k)0 0, T
(k)i
0, T
(k)i
j for i = j and T
(k)i
j
for i 6= j. Each type characterizes by the same struc-
tural dependence on the metric functions. For the am-
plitude λ given above, the maximum over the elementary
cell D of the diagonal elements in the second order is
max
xµ∈D
|Ω(2)i j |i=j = 0.013. It is a matter of luck that one
can easily get rid of these elements with the help of the
A(2) and F (2) as the only nonzero metric functions in the
second order, by putting:
A(2)(w) = t−2 (t(EdS)0 )
2
(
sin4(Bw)
4
−
sin2(Bw)
8
+
1
32
)
,
F (2)(w1, w2) = −
t−8/3 (t(EdS)0 )
2 C2
64B2
sin(2Bw1) sin(2Bw2) .
(5)
After that, |Ω(2)i j |i=j = 0. Unfortunately, it is not pos-
sible to find the metric functions made of the simple, ele-
mentary functions as these given above, for which all the
3
other energy-momentum components are equal to zero si-
multaneously. In Appendix, we show the exact solution
up to second order. One can observe, that the metric
functions are much more complicated there. Neverthe-
less, after substitution (5) alone, the remaining energy-
momentum tensor elements in the second order are small
at the time t(EdS)0 : max
xµ∈D
|Ω(2)i j |i6=j = 2.2 × 10
−10 and
max
xµ∈D
|Ω(2)0 i| = 1.5 × 10
−6. To ensure that these values
are negligible one can compare them with the third order
contribution: max
xµ∈D
|Ω(3)i j |i=j = 2.2×10
−3. Now, instead
of trying to get the exact dust solution in the second or-
der we can cancel out the maximal contribution from the
third order.
2.3 The third order
The structure of the energy-momentum tensor elements
in the third order is similar to that of the second order. In
the same manner, by introducing the only nonzero metric
functions:
A(3)(w) = t−3 (t(EdS)0 )
3
(
sin4(Bw)
16
−
3 sin2(Bw)
64
+
1
96
)
,
F (3)(w1, w2) =
t−11/3 (t(EdS)0 )
3 C2
32B2
f(w1, w2) ,
f(w1, w2) =
(
sin3(Bw1) sin(Bw2) cos(Bw1) cos(Bw2) + . . .
· · ·+ sin(Bw1) sin
3(Bw2) cos(Bw1) cos(Bw2)− . . .
· · · − 2 sin(Bw1) sin(Bw2) cos(Bw1) cos(Bw2)) , (6)
one can obtain |Ω(3)i j |i=j = 0. As previously, the remain-
ing values are small: max
xµ∈D
|Ω(3)i j |i6=j = 1.2 × 10
−10 and
max
xµ∈D
|Ω(3)0 i| = 8.5 × 10
−7. The deviation from the dust
energy-momentum tensor which comes from the second
and third order is smaller than the maximal contribution
from the fourth order: max
xµ∈D
|Ω(4)i j |i=j = 3.5×10
−4. The
procedure of approaching the dust energy-momentum
tensor, with the help of the A(k) and F (k) functions, can
be continued in the fourth and higher orders until one
reaches the second order limit of around 10−6. However,
the result which we get so far is good enough. The devia-
tion of order 10−4 that we get at t(EdS)0 for the amplitude
λ = 0.26 is comparable to the second order deviation in
the linear perturbation theory with the much smaller am-
plitude λ ≈ 10−2.
The above estimation was made at the time t(EdS)0 .
Now, in Fig. 2, we plot the time dependence of the
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Figure 2: The energy-momentum tensor elements as functions
of time. The blue curve represents max
xµ∈D
|T (4) i j |i=j/ρ
(0), the
orange - max
xµ∈D
|T (2) 0 i + T
(3) 0
i + T
(4) 0
i|/ρ
(0), while the green
one - max
xµ∈D
|T (2) i j + T
(3) i
j + T
(4) i
j |i6=j/ρ
(0).
energy-momentum tensor elements for the metric func-
tions (3,5,6). One can see that the approximation
Tµν(λ) ≈ T
(dust)
µν is good for a late times t > 3Gyr.
For the small t, the energy-momentum tensor elements
other than the density become important and one can-
not expect that the space-time metric describes the dust
universe there.
For the universe filled with the dust, the total mass
within the elementary cell MD(t) should be conserved in
time. (see for example [42]). Once the metric is explic-
itly given, one can obtain MD(t) by a direct numerical
integration:
MD(t) =
∫
D
d3x
√
det gij ρ(t, ~x) . (7)
The result is plotted in Fig. 3. The mass discrepancy for
the times t > 5Gyr is lower than 0.5%. Therefore, we en-
sure ourselves that at that times our model approximates
well the dust universe with a relatively high amplitude of
the overdensities. Moreover, it is evident that the higher
order terms in the metric are necessary to achieve this
accuracy. In the next section, we will study the basic
properties of the model.
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Figure 3: The normalized mass of the elementary cell as the
function of time is plotted in blue. For comparison, the gray
dashed curve relates to the metric restricted to the linear order
with the same amplitude λ = 0.26.
3 The model properties
3.1 The density distribution
In the calculation of the total density, we will restrict
to the fourth order ρ =
4∑
k=0
λk ρ(k). The contribution
ρ(k) = −T (k)0 0 behaves roughly as ρ
(k) ∝ (t(EdS)0 )
k t−k−2.
The higher orders are more important at early times and
give less impact on the total density at the late times. The
analytical formula for ρ is the large, but relatively simple
expression containing some products of the powers of the
trigonometric functions. In Fig. 4, we show the isodensity
surfaces at the time t(EdS)0 and t = 3Gyr. Although the
time dependence of ρ(k) in each order is different, the
shape of the isodensity surfaces does not change much
during the time evolution. Following [42], by introducing
the volume of the elementary cell at the hypersurface of
a constant time:
VD =
∫
D
d3x
√
det gij , (8)
we may define the average density 〈ρ〉D =MD/VD. At the
time t(EdS)0 , the resulting average density in the critical
units is 〈Ω〉D = 1.23, where Ω = ρ/ρcr. At that time,
the observer located at the overdensity ~xO measures Ω =
1.52, while at the underdensity ~xU one gets Ω = 0.97.
Figure 4: Left: the model isodensity surfaces within the ele-
mentary cell at the time t = 3Gyr. Right: the same picture at the
time t = t
(EdS)
0 = 9.32Gyr.
3.2 The Hubble parameter
For the observer located at the time t(EdS)0 at ~xO or ~xU
respectively, we performed the following numerical exper-
iment. With the probability distribution uniform on the
unit sphere, we generated ten random directions (θ, φ).
For each direction, we generated randomly ten points
lying on the curve γ(l) = (t(EdS)0 , x0 + l sin θ cosφ, y0 +
l sin θ sinφ, z0 + l cos θ), where ~x = (x0, y0, z0) is the ob-
server position. Then, by performing the numerical inte-
gration we obtain the distance d(l˜) to each point:
d(l˜) =
l˜∫
0
√
γ′(l)i γ′(l)j gij dl (9)
The integration kernel is the explicit function of time since
the metric elements depend on t. By taking the time
derivative of the integration kernel and calculating the
numerical integral again, we obtain the velocity of each
point d˙(l˜). This allows us to make the Hubble diagram
presented in Fig 5. The linear fit to the points located
further than 5Mpc gives the value of the Hubble con-
stant H0 = 77.68 km/s/Mpc for the observer at ~xO, and
H0 = 77.42 km/s/Mpc for the observer located at ~xU . In
the considered space-time there are no significant differ-
ences in the values of the Hubble constant between the
overdense and underdense regions. However, if we de-
mand that the observer should measure the Hubble con-
stant comparable to the real value, we should locate him
in another time position.
To find the time coordinate t(λ)0 , in which the Hubble
constant is equal to H0 = 70.0 km/s/Mpc, we repeat the
5
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Figure 5: The Hubble diagram for the observers at the time
t
(EdS)
0 . The blue points are generated for the observer located at
the overdensity, while the cyan points are plotted for the observer
in the underdensity. The linear fit is depicted by the red line.
procedure of the Hubble diagram construction placing the
observer in the overdensity ~xO at a discrete set of the time
coordinate values. In each case, we perform the linear
fit to the generated data (d, d˙) and in effect, we get a
discrete set of points in a Hubble parameter H(t) plot.
We show them as the blue points in Fig 6. After that, we
use the cubic spline interpolation shown as the light blue
curve. The resulting value of the universe age for which
the H0 = 70.0 km/s/Mpc is t
(λ)
0 = 10.25Gyr.
Sometimes it is convenient to use the domain depen-
dent effective Hubble parameter HD, defined as in [42].
We will consider the elementary cell as the domain D.
For the selected domain, one can introduce the effective
scale factor aD(t) = V
1/3
D (t)/V
1/3
D (t
(λ)
0 ). Then, by defi-
nition HD(t) = a˙D(t)/aD(t). Numerically more efficient
is to take the time derivative of the integration kernel of
(8), perform the numerical integration again to obtain
V˙D and calculate the effective Hubble parameter from
HD = V˙D(t)/(3VD(t)). In Fig. 6, the resulting HD(t)
is plotted by the red dashed curve. One can see that
it is consistent with the Hubble parameter H(t) calcu-
lated previously. We want to emphasize that we com-
puted both quantities in a straightforward way, directly
from the space-time metric.
At the end of this paragraph, we want to analyze the
model density at the time t(λ)0 . The maximum density at
~xO is Ω = 1.22. The minimum density for the observer lo-
cated at ~xU is Ω = 0.82. The average over the elementary
6 7 8 9 10 11 12 13 14 15
t [Gyr]
40
50
60
70
80
90
100
110
120
H
(t)
,H

(t)
[k
m
/s
/M
pc
]
Figure 6: The plot of the Hubble parameter H(t). The blue
points are generated with the method described in the text. Light
blue curve is the cubic spline interpolation of these points. The ef-
fective Hubble parameter HD(t) is shown by the red dashed curve.
cell is 〈Ω〉D = 1.003. It seems that the average density at
the time t(λ)0 , in which the observer measures the Hubble
constant H0, is close to the EdS model with the same H0
value. Below, we discuss this issue in details.
3.3 The EdS as the model average
When one considers the limit λ → 0, the metric tends
to the background metric g(0), which is the EdS space-
time. On the other hand, because we used a quite high
amplitude λ = 4/15, the metric g is not close to g(0).
This situation is qualitatively different from the widely
used Swiss cheese models, where the space-time regions
describing inhomogeneities are glued with the background
FLRW model. Here, there are no space-time regions with
the FLRW symmetry and the inhomogeneities cover the
entire space. It is then interesting that the EdS model is
a possible candidate for the model average.
In the FLRW model, one can introduce the parame-
ter Ωk = −k/(H
2(t) a2(t)) = −R/(6H2(t)), which is the
measure of the curvature of space. In this formula, k is the
curvature parameter from the FLRW metric and R is the
scalar curvature of the hypersurface of the constant time.
In analogy, one can define the averaged curvature param-
eter at the time t(λ)0 : 〈ΩR〉D = −〈R〉D/(6H
2
0 ). In the
presented model it has the value 〈ΩR〉D = −8.9 × 10
−5,
which means that the space is almost flat.
In Fig. 7 we present the time evolution of the model
6
density, while in Fig. 8 we show the time evolution of the
Hubble parameter. To be able to compare them with the
EdS prediction, both figures were plotted with respect to
the time t0, in which the observer measures the value of
the Hubble constant H0 = 70.0 km/s/Mpc. As it is seen,
there is a perfect agreement between the model behav-
ior and the EdS prediction. Therefore we conclude, that
the EdS space-time describes the average density and the
average expansion very well.
0 1 2 3 4 5 6 7
t0− t [Gyr]
2
4
6
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10
12
14
16
⟨Ω
⟩ 
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−
t⟩
Figure 7: The blue curve - the time dependence of the averaged
density of the model, with respect to the time t0 = t
(λ)
0 . The
dashed red curve - the EdS prediction calculated with respect to
the time t0 = t
(EdS)
0 .
3.4 The light propagation
The procedure of the angular diameter distance-redshift
relation derivation is similar to that in the paper [39]. We
will locate the observer in the three different positions:
in the overdensity ~xO = (
pi
2
, pi
2
, pi
2
), in the underdensity
~xU = (0, 0, 0) and at some point somewhere in between
~xM = (0.7, 1.1, 2.1), and in the two time instants t
(λ)
0 and
t(EdS)0 . The density at the middle position ~xM at the time
t(λ)0 is Ω = 1.067, so it is the point with a slightly higher
density than the average.
For each observer position, we generate one hundred
random directions ~k, with a probability distribution uni-
form on the unit sphere. Since |~k| = 1, we choose k0 so
that kµ kµ = 0 at the observer position and k
0 < 0, so
the geodesic is past oriented. With the observer position
xµ and wave vector kµ as the initial conditions, we solve
with the help of the fourth order Runge-Kutta method
0 1 2 3 4 5 6 7
t0− t [Gyr]
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50
100
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200
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H
(t 0
−
t)
Figure 8: The blue curve - the time dependence of the model
Hubble parameter, with respect to the time t0 = t
(λ)
0 . The dashed
red curve - the EdS prediction calculated with respect to the time
t0 = t
(EdS)
0 .
the geodesic equation written in the form of the two first-
order differential equations:
dkµ
dl
= −Γµαβ k
α kβ , (10)
dxµ
dl
= kµ . (11)
To check the numerical accuracy we generate the refer-
ence geodesic, for which we correct |~k| in each Runge-
Kutta step to satisfy kµ kµ = 0 exactly. Then we choose
so small Runge-Kutta step ∆l = 0.05 so that the differ-
ence between the geodesics generated by both methods is
negligible.
After we get the resulting geodesic xµ(l), we ob-
tain the redshift along it from the definitions z =
(ωem − ωobs)/ωobs and ω = U
µ kµ. We assume that the
light emitter and the observer are comoving with mat-
ter, so their four-velocity is represented by the vector
Uµ = (1, 0, 0, 0), while kµ(l) is the wave vector along the
geodesic.
To derive the angular diameter distance dA along the
geodesic we use the Sachs formalism [43]. We construct
the Sachs basis (sµ1 , s
µ
2 ) at the observer position. The
Sachs basis vectors are orthogonal to each other and or-
thogonal to the wave vector kµ and the observer four-
velocity Uµ respectively. Next, for each of the Sachs basis
vector, we solve numerically the equation of the parallel
transport along the geodesic. This way, the Sachs basis is
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defined at each point of the geodesic. Then, to calculate
the angular diameter distance along the geodesic we solve
with the help of the fourth order Runge-Kutta method
the following system of equations. The focusing equation
rewritten as the two first order differential equations:
d
dl
d˙A = −
(
1
2
Rµν k
µ kν + |σ|2
)
dA , (12)
d
dl
dA = d˙A , (13)
and the Sachs evolution equations for the components of
the complex shear σ:
d
dl
σ1 + 2σ1 θ = −
1
2
Cαβγδ
(
sα1 k
β kγ sδ1 + s
α
2 k
β kγ sδ2
)
,
d
dl
σ2 + 2σ2 θ = Cαβγδ s
α
1 k
β kγ sδ2 , (14)
where Cαβγδ is the Weyl tensor and the scalar expansion
rate θ is substituted by θ = d˙A/dA. Here, by the dot
we mean the derivative over the affine parameter along
the geodesic ˙ ≡ d/dl. The initial conditions at l = 0
are: dA = 10
−6 Mpc, d˙A = 1, σ = 0. For numerical
reasons, we start with the dA slightly above zero, so that
the expansion scalar is finite at l = 0. As the result of
the presented procedure, we obtain the angular diameter
distance along each geodesic dA(l). Finally, by using the
information about the redshift along the geodesic we get
the angular diameter distance as a function of redshift
dA(z). At the end, we checked the convergence of the
resulting dA(z) with a decreasing Runge-Kutta step.
We present the results in Figures 9 and 10. In each
figure, the set of the blue curves shows the dA(z) for the
one hundred geodesics generated for the observer at the
overdensity ~xO, the similar set of the cyan curves corre-
spond to the observer at the underdensity ~xU while the
orange curves refer to the observer at the middle posi-
tion ~xM. The red dashed line is the EdS prediction. The
plots are prepared for the following values of the ampli-
tude λ ∈ {4/15, 2/15, 1/15} and for the observer located
in the two time instants t ∈ {t(EdS)0 , t
(λ)
0 }.
On basis of these results we conclude that although
the EdS space-time describes well the average properties
of the matter distribution and expansion rate of the con-
sidered model, the light propagation differs significantly
from the EdS prediction. The behavior of the dA(z) de-
pends on the observer position. For the observer located
in the point with the local density lower than the aver-
age, the resulting dA(z) is lower than the EdS reference
curve. If the observer’s local density is higher than the
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Figure 9: The angular diameter distance-redshift relation dA(z).
The observer is located at the time t
(EdS)
0 at the overdensity ~xO =
(pi2 ,
pi
2 ,
pi
2 ) (blue), at the underdensity ~xU = (0, 0, 0) (cyan) or in
the middle ~xM = (0.7, 1.1, 2.1) (orange). Top panel corresponds
to the amplitude λ = 4/15, the middle panel - λ = 2/15 and the
bottom panel - λ = 1/15. Red dashed curve - EdS prediction.8
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Figure 10: The similar plots of the dA(z) as in the Fig. 9,
although for the observer located at the time t
(λ)
0 .
average, then the resulting dA(z) is larger than the EdS
curve. The deviation from the EdS is the greatest for
the observer located in the maximum or the minimum
of the density distribution. The greater the amplitude
λ, the larger the differences between different curves. If
one takes the small amplitude, locates the observer at
the time t(EdS)0 and restricts the metric to the linear or-
der, then the resulting dA(z) tends to the curves we have
shown in our previous paper, where we do not observe
the position dependence of the results.
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Figure 11: The angular diameter distance-redshift relation
dA(z) for the observers at t
(λ)
0 . The low redshift range. Colors
as in the Fig. 9.
Another interesting property is the width of the bundle
of the dA(z) curves. The bundle of one hundred geodesics
generated from the middle position ~xM characterizes by
the larger width in the angular diameter distance-redshift
relation than the bundle related to the overdensity or the
underdensity. In the positions ~xO, ~xU the density distri-
bution is much more symmetrical than in the middle ~xM.
This could indicate that the local neighborhood of the ob-
server plays the crucial role here. To confirm this intuition
we plot in Fig. 11 the dA(z) relation for the low redshifts.
One can see that the separation between the curves be-
gin around dA ≈ 1Mpc. For the twenty curves γ(p) =
(t(λ)0 , p sin θ cos φ, p sin θ sinφ, p cos θ), where (θ, φ) are
the random directions, the average length from p = 0 to
p = π/2 is d = 1.605Mpc. The same calculation for the
curves centered at the overdensity gives d = 1.538Mpc.
Since π is the coordinate size of the elementary cell, in
view of these estimations, the value around 1.57Mpc can
be thought as the physical radius of the inhomogeneities
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at t(λ)0 . The separation of the dA(z) curves takes place
while the light ray passes through the observer neighbor-
hood to the nearest region with a different density.
As we have seen in section 3.3, the space is almost flat.
This means that the Ricci term in the focusing equation
(12) is very small. Since initial shear is equal to zero,
for small distances the right-hand side of the focusing
equation is close to zero. Therefore, the angular diameter
distance as a function of the affine parameter dA(l) is
almost linear there. This suggests that the separation of
the dA(z) curves is caused by the local changes of redshift
along the geodesics initiated in different environments.
To show that, we plot in Fig. 12 the relation between
the redshift and the affine parameter along the resulting
geodesics. For the local universe dA ≈ l. The separation
of the curves around l ≈ 1.5 is then consistent with that
in Fig 11.
0 200 400 600 800 1000 1200 1400
l
0.0
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0.0020
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Figure 12: The redshift as a function of the affine parameter
along the geodesic z(l) for the observers located at the time t
(λ)
0 .
Blue - observer in the overdensity ~xO, cyan - observer in the un-
derdensity ~xU , orange - the middle position of the observer ~xM.
In the end, it is instructive to show the emission time of
the light as a function of redshift. This relation is plotted
in Fig. 13. For a given redshift the emission time is the
same, no matter where the observer is located. This is not
surprising since the redshift z is related to the time-like
component of the wave vector k0. One can connect the
emission time tem with the effective scale factor at that
time aD(tem). Because the EdS model describes well the
average expansion, the effective scale factor expressed as
a function of redshift has the same form as in the EdS
space-time:
aD(z) =
1
1 + z
(15)
0.0 0.2 0.4 0.6 0.8 1.0 1.2
z
2
4
6
8
10
t e
m
(z
)[
Gy
r]
Figure 13: The time of the light emission as a function of red-
shift tem(z). The observers are located at the time t
(λ)
0 . Dashed
blue - observer in the overdensity ~xO , dashed cyan - observer in
the undersity ~xU , dashed orange - the middle position of the ob-
server ~xM.
4 Conclusions
In the present paper, we constructed perturbatively the
approximate model of the inhomogeneous universe for
which the dust inhomogeneities are distributed in the
infinite, periodic lattice on the Einstein-de Sitter back-
ground. This way we extend our previous work beyond
the linear perturbation theory so that the larger ampli-
tude of the inhomogeneities is allowed. We analyzed ba-
sic properties of the model. We have shown that the
Einstein-de Sitter space-time describes well the time evo-
lution of the model average density and the averaged ex-
pansion characterized by the Hubble parameter H(t). On
the other hand, the light propagation differs significantly
from that in the EdS background. The angular diame-
ter distance-redshift relation dA(z) is influenced by the
inhomogeneities and depends on the observer’s position.
In literature, the position dependence of dA(z) appears
in some inhomogeneous models. In some of them, e. g.
[44], the presence of the inhomogeneities could partly
mimic the effect of the dark energy driven accelerated
expansion. However, as it was pointed out in [45], the
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cosmological model which tries to avoid the cosmological
constant should explain not only the dA(z) relation but
also the variety of the other available observations, in par-
ticular, the isotropy of the CMB power spectrum. Never-
theless, if such effects like the strong position dependence
of the dA(z) results are present in simple, inhomogeneous
models with a reliable matter content, one cannot exclude
that they appear also in the real Universe.
The model presented in the current paper has no am-
bition to describe the real Universe. It should be rather
considered as a training model. There are some aspects
of this model which should be improved first: (i) In the
current model, the amplitude of the inhomogeneities de-
creases with time. It is reasonable to look for a model
with an increasing amplitude of the inhomogeneities with
a controlled growth rate. (ii) For the presented model,
the approximation to the dust energy-momentum tensor
holds for the late times only. It is necessary to construct
the model which is valid also for the early universe, to be
able to consider the CMB observations. (iii) Some gen-
eralizations with a background space-time other than the
Einstein-de Sitter will be useful.
Anyway, the presented framework is a step towards the
more realistic inhomogeneous cosmological model con-
structed beyond the linear perturbation theory. We em-
phasize that the presented solution is not in the widely
used Swiss cheese class of models, so it provides new pos-
sibilities. We also think that the models which offer the
metric explicitly given, as our model does, are important
because enable one to calculate the observables directly
from the metric without additional simplifying assump-
tions.
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Appendix: Strict metric of the
perturbed model up to second
order
We construct a sample of a linearly perturbed spatially
flat Friedmann–Lemaˆıtre cosmological model with irrota-
tional dust-like inhomogeneities up to second order. We
consider a cosmic fluid which is irrotational, nonconduc-
tive, inviscid and for which the spatial gradient of the
pressure vanishes. For simplicity, we additionally assume
that at the first order the magnetic part of the Weyl ten-
sor vanishes which enables us to treat only the scalar per-
turbations and disables vector and tensor perturbations.
Further, we assume that still at the first order the Ricci
scalar of the three-spaces orthogonal to the fluid flow is
zero which enables only the decreasing mode of perturba-
tions and disables the growing one.
The assumed conditions allow the synchronous comov-
ing gauge at both orders in the problem without loss of
generality. The solution for the metric field of the space-
time gµν and the velocity field of the fluid flow uν of the
considered perturbed model take the form
gµν = g
(0)
µν + λg
(1)
µν +
λ2
2
g(2)µν , (16)
g(0)µν = diag(−b
2, a2, a2, a2), (17)
uν = (−b, 0, 0, 0), (18)
where a and b are functions of the time coordinate t and
λ is some small parameter. The first order correction to
the metric has the following form
g(1)µν = 2a
2


0 0 0 0
0 ∂xxo ∂xyo ∂zxo
0 ∂xyo ∂yyo ∂yzo
0 ∂zxo ∂yzo ∂zzo

 . (19)
Here, o is a function of time and spatial coordinates x, y,
z which satisfies the equation
∂to−
b
a3
i = 0, (20)
where i is an arbitrary function of spatial coordinates.
The second order correction is given as
g(2)µν = 2a
2


0 0 0 0
0 c11 c12 c31
0 c12 c22 c23
0 c31 c23 c33

 , (21)
where cmn are functions of time and spatial coordinates.
Because of complexity of the equations at the second or-
der, the functions cmn are determined with the function
i explicitly specified as
i = lx + ly + lz. (22)
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We used the abbreviated notation lx ≡ l(x). The function
l is assumed to satisfy the equation
∂xxlx + α
2lx = 0, (23)
where α is a constant thus l is a linear combination of
sine and cosine functions.
We get the following result
c23 = o1l
′
yl
′
z, (24)
c31 = o2l
′
zl
′
x, (25)
c12 = o3l
′
xl
′
y , (26)
c11 = −α
2v1l
2
x −
α2
2
j1lylz − α
2(o2 −
1
2
j2)lzlx
− α2(o3 −
1
2
j3)lxly, (27)
c22 = −α
2v2l
2
y − α
2(o1 −
1
2
j1)lylz −
α2
2
j2lzlx
− α2(o3 −
1
2
j3)lxly, (28)
c33 = −α
2v3l
2
z − α
2(o1 −
1
2
j1)lylz − α
2(o2 −
1
2
j2)lzlx
−
α2
2
j3lxly, (29)
where l′x ≡ ∂xlx and vn, on, in, jn are functions of time
which satisfy the following equations
∂ttvn −
∂t
b
a3
b
a3
∂tvn + 2α
2 b
2
a6
= 0, (30)
∂ton −
α2
2
b
a3
in = 0, (31)
∂tin + abjn = 0, (32)
∂ttjn −
∂t
b
a3
b
a3
∂tjn + 2α
2 b
2
a2
jn + 2α
2 b
2
a6
= 0. (33)
For the considered model, the above solution for the met-
ric functions is the simplest possible in a sense that nei-
ther of the functions vn, on, in, jn can be taken as null.
The function vn is easy to find since
vn = −α
2c2 + βc+ γ, (34)
where the auxiliary function c satisfies
∂tc−
b
a3
= 0, (35)
and β, γ are constants of integration. When the scale
factor a is a power function of time, then also vn is so.
However, this is not the case for the function jn which is
then a combination of sine and cosine integral functions.
This causes the metric to be a highly complicated function
of time.
The energy density ρ and the pressure p in the con-
sidered model are expressed by the metric functions as
follows
8πρ = 3
(∂ta)
2
a2b2
+ λ
(
−2α2
∂ta
a4b
lx − 2α
2 ∂ta
a4b
ly − 2α
2 ∂ta
a4b
lz
)
+
λ2
2
(
2α2
∂ta
ab2
∂t(−v1 − 2α
2c2)l2x
+ 2α2
∂ta
ab2
∂t(−v2 − 2α
2c2)l2y
+ 2α2
∂ta
ab2
∂t(−v3 − 2α
2c2)l2z
+ α2
(∂ta
ab2
∂t(−4o1 + j1) + 2α
2 1
a6
)
lylz
+ α2
(∂ta
ab2
∂t(−4o2 + j2) + 2α
2 1
a6
)
lzlx
+ α2
(∂ta
ab2
∂t(−4o3 + j3) + 2α
2 1
a6
)
lxly
)
, (36)
8πp = −
1
a2∂ta
∂t
a(∂ta)
2
b2
, (37)
where c is defined as above. One can observe that the
function −4on+jn satisfies the same equation as the func-
tion vn
∂tt(−4on + jn)−
∂t
b
a3
b
a3
∂t(−4on + jn) + 2α
2 b
2
a6
= 0, (38)
so when the scale factor is a power function of time, then
the energy density is also a power function of time even
though the metric is essentially not.
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